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Abstract 

In this article, we aim to describe a new operator 𝒥𝑠,𝑎,𝜇
𝛿,𝜆

 via convolution. Moreover, we aim to 

present a new subclass 𝓒Σm (𝜏; 𝛽) related to m-fold symmetric bi-univalent functions in the open 

unit disk Θ = {z ∈ ℂ ∶ |z| ˂  1 }. Finally, an estimate related to the Hankel determinant for 

functions in 𝓒Σm (𝜏; 𝛽) are given.  
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1. INTRODUCTION 

 

Assume 𝒜  is the class of normalized analytic functions in Θ with Taylor series 

 

𝑓(𝑧) = 𝑧 + ∑  𝑎𝑘
∞
𝑘=2 𝑧𝑘 .                                                                                                                             (1) 

 

Assume 𝒮 is the class of univalent functions from 𝒜 in Θ. Further, every function 𝑓 ∈  𝒮 has an inverse 

𝑓−1 fulfilling 𝑓−1( 𝑓(𝑧)) = 𝑧 (𝑧 ∈  Θ) and  𝑓(𝑓−1(𝑤)) = 𝑤 (𝑤 ∈  Θ𝑝), where 𝑝 ≥
1

4
  denotes the radius 

of the image 𝑓(Θ) and Θ 𝑝 = {𝑧 ∈ ℂ ∶ |𝑧| < 𝑝} [1]. It is recalled that 

𝑔(𝑤) = 𝑓−1(𝑤) = 𝑤 + 𝐶2𝑤
2 + 𝐶3𝑤

3 + 𝐶4𝑤
4 +⋯,                                                                               (2) 

 

where  

 

𝐶2 = −𝑎2
𝐶3 = (2𝑎2

2 − 𝑎3 )

𝐶4 = −(5𝑎2
3 − 5𝑎2𝑎3 + 𝑎4).

 

 

A function 𝑓 ∈ 𝒜 is named bi-univalent in Θ if both 𝑓 and 𝑓−1 are univalent in Θ. Next, assume ∑ is the 

class of bi-univalent functions 𝑓 ∈ 𝒜  in Θ. For a detailed literature and fundamental examples of ∑, see 

the leading paper by Srivastava et al. [2] (see also [3-10]). 

http://dergipark.gov.tr/gujs
https://orcid.org/0000-0002-7033-8993
https://orcid.org/0000-0002-7033-8993
https://orcid.org/0000-0002-7950-8450
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Assume  𝑓 ∈  𝒜 and 𝑔 is given by 𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘 
∞
𝑘=2 𝑧𝑘 . The convolution (Hadamard product) of 𝑓 and 

𝑔 is represented by (𝑓 ∗ 𝑔)(𝑧) and expressed by 

 

(𝑓 ∗ 𝑔 )(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑏𝑘
∞
𝑘=2 𝑧𝑘 .                           

                                                                                      

Aldweby and Darus [11] established the Ruscheweyh type q-analogue operator ℛ𝑞
𝛿   by 

 

ℛ𝑞
𝛿  𝑓(𝑧) = 𝑧 +∑

[𝑘 + 𝛿 − 1]𝑞!

 [𝛿]𝑞!  [𝑘 − 1]𝑞!
 𝑎𝑘  𝑧

𝑘  ,

∞

𝑘=2

 

 

where 𝛿 ≥ 0. Also, as 𝑞 →  1− , we have 

 

lim
𝑞 → 1− 

ℛ𝑞
𝛿  𝑓(𝑧) = 𝑧 + lim

𝑞 → 1−
[∑

[𝑘 + 𝛿 − 1]𝑞!

 [𝛿]𝑞!  [𝑘 − 1]𝑞!
 𝑎𝑘  𝑧

𝑘  

∞

𝑘=2

] 

                               = 𝑧 + ∑
(𝑘+𝛿−1)!

(𝛿)!(𝑘−1)!
 𝑎𝑘  𝑧

𝑘  ∞
𝑘=2                                                                                              

                           =  ℛ𝑞
𝛿  𝑓(𝑧) . 

 

Komatu [12] introduced a family of integral operator 𝐽𝜇
𝜆 ∶  𝛴 →  𝛴 by 

 

𝐽𝜇
𝜆 𝑓(𝑧) = 𝑧 +∑(

𝜇

𝜇 + 𝑘 − 1
)
𝜆

∞

𝑘=1

 𝑎𝑘  𝑧
𝑘, ( 𝑧 ∈  𝑈∗ =  Θ\{0} , 𝑘 >  1 , 𝜆 ≥  0 ). 

 

By using the Hurwitz - Lerch Zeta function 

 

∅(𝑧, 𝑠, 𝑎) = ∑
𝑧𝑘

(𝑘 + 𝑎)𝑠

∞

𝑘=0

  (𝑎 ∈ ℝ 𝑧0
−⁄ , 𝑠 ∈ ℝ   𝑤ℎ𝑒𝑛   0 <  |𝑧|  < 1) 

 

and 𝐺𝑠,𝑎(𝑧) is given by 

 

𝐺𝑠,𝑎(𝑧) = (1 + 𝑎)
𝑠 [ ∅(𝑧, 𝑠, 𝑎) − 𝑎−𝑠 ],  

 

the linear operator  𝐼𝑠,𝑎,𝜇
𝜆   𝑓(𝑧) ∶  𝛴 →  𝛴 is expressed by [13] 

 

𝐼𝑠,𝑎,𝜇
𝜆  𝑓(𝑧) = 𝐺𝑠,𝑎(𝑧) ∗ 𝐽𝜇

𝜆 𝑓(𝑧)  = 𝑧 +∑(
1+ 𝑎

𝑡 + 𝑎
)
𝑠∞

𝑘=2

(
𝜇

𝜇 + 𝑘 − 1
)
𝜆

 𝑎𝑘  𝑧
𝑘 .                                                     

 

The convolution of the operators  ℛ𝑞
𝛿  𝑓(𝑧) and 𝐼𝑠,𝑎,𝜇 

𝜆 𝑓(𝑧) defined as 

 

𝒥𝑠,𝑎,𝜇
𝛿,𝜆 𝑓(𝑧) = ℛ𝑞

𝛿𝑓(𝑧) ∗ 𝐼𝑠,𝑎,𝜇 
𝜆 𝑓(𝑧) = 𝑧 +∑(

(𝑘 + 𝛿 − 1)!

(𝛿)! (𝑘 − 1)!
) (
1 + 𝑎

𝑡 + 𝑎
)

𝑠

(
𝜇

𝜇 + 𝑘 − 1
)

𝜆∞

𝑘=2

𝑎𝑘𝑧
𝑘 

𝒥𝑠,𝑎,𝜇
𝛿,𝜆  𝑓(𝑧) = 𝑧 +∑𝜃𝑘,𝛿

∞

𝑘=2

 𝑎𝑘  𝑧
𝑘, 

 

where  𝜃𝑘,𝛿 = {(
(𝑘+𝛿−1)!

(𝛿)!(𝑘−1)!
) (

1+𝑎

𝑡+𝑎
)
𝑠
(

𝜇

𝜇+𝑘−1
)
𝜆

 }. 
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Now, for a function 𝑓 ∈  𝒮, the function ℎ(𝑧) = ( 𝑓(𝑧𝑚))
1

𝑚     (𝑧 ∈  Θ, 𝑚 ∈  ℕ)                                                                                               

is univalent. Further, that function maps Θ into an m-fold symmetry region. Thus, a function is named m-

fold symmetric ([14,15]) if it has the normalized form 

 

𝑓(𝑧) = 𝑧 + ∑  𝑎𝑚𝑘+1
∞
𝑘=1  𝑧𝑚𝑘+1 ,     (𝑧 ∈  Θ, 𝑚 ∈  ℕ).                                                                          (3) 

 

Assume 𝒮𝑚 is the class of m-fold symmetric univalent functions given by (3). We inform that the functions 

in 𝒮 are one-fold symmetric. Similar to the definition of m-fold symmetric univalent functions, m-fold 

symmetric bi-univalent functions are presented. The series expansion of 𝑓−1 is expressed by [16] 

 

𝑔(𝑤) = 𝑤 − 𝑎𝑚+1 𝑤
𝑚+1 + [ (𝑚 + 1) 𝑎𝑚+1

2 − 𝑎2𝑚+1 )] 𝑤
2𝑚+1 − [ 

1

2
(𝑚 + 1) (3𝑚 + 2)𝑎𝑚+1

3  

                −(3𝑚 + 2) 𝑎𝑚+1 𝑎2𝑚+1 + 𝑎3𝑚+1 ] 𝑤
3𝑚+1 +⋯,                                                                        (4) 

 

where 𝑓−1 = 𝑔. Assume ∑𝑚 is the class of m-fold symmetric bi-univalent functions in Θ. If we set 𝑚 = 1, 

the formula (4) reduces to the formula (2) of the class ∑.  

 

Next, Noonan and Thomas [17] introduced the 𝑞𝑡ℎ Hankel determinant of 𝑓 by 

 

𝐻𝑞 (𝑛) = ||

𝑎𝑛        𝑎𝑛+1 ⋯ 𝑎𝑛+𝑞−1  
𝑎𝑛+1    𝑎𝑛+2 ⋯ 𝑎𝑛+𝑞       

⋮      
𝑎𝑛+𝑞−1

 ⋮       ⋮
𝑎𝑛+𝑞 ⋯

⋮         
𝑎𝑛+2𝑞−2

||    , (𝑎1 = 1,   𝑛 ≥ 0,   𝑞 ≥ 1). 

 

Note that 

 

𝐻2 (1) = |
𝑎1 𝑎2
𝑎2 𝑎3

| = 𝑎3 − 𝑎2
2,      𝐻2 (2) = |

𝑎2 𝑎3
𝑎3 𝑎4

| =  𝑎2𝑎4 − 𝑎3
2   

 

and 𝐻2(1) is known as Fekete-Szegö functional (see [18]). After that, this approach has been studied by 

several researchers ([19-23]). 

  

2. MATERIAL METHOD 

 

To present our outcomes, we must recall some lemmas. 

Lemma 2.1. [15] Assume 𝒫 is class of functions 𝑝 analytic in Θ for which 𝑅𝑒(𝑝(𝑧)) > 0. If 𝑝(𝑧) = 1 +
𝑝1𝑧 + 𝑝2𝑧

2 +⋯, then | 𝑝𝑖| ≤ 2 for each 𝑖 ∈ ℕ. 

Lemma 2.2. [24] If 𝑝 ∈  𝒫, then 

 

2𝑝2 = 𝑝1
2 + ( 4 − 𝑝1

2 )𝑥 

4𝑝3 = 𝑝1
3 + 2( 4 − 𝑝1

2 )𝑝1𝑥 − (4 − 𝑝1
2)𝑝1𝑥

2 + 2( 4 − 𝑝1
2 )(1 − |𝑥|2)𝑧 

 

for some 𝑥, 𝑧 with |𝑥| ≤ 1 and |𝑧| ≤ 1.  
 

Now, we shall introduce the class 𝓒Σm (𝜏; 𝛽) as follows. 

Definition 3.1. A function 𝑓 ∈ ∑ is in 𝓒Σm (𝜏; 𝛽) (𝑧, 𝑤 ∈ Θ, 0 ≤ 𝜏 ≤ 1, 0 ≤ 𝛽 < 1, 𝑚 ∈ ℕ) if it fulfills 
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𝑅𝑒 [(2𝜏 + 1) 
𝑧 (𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑓(𝑧))
′

𝑧
 −  𝜏𝑧 (𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑓(𝑧))
′′
−  2𝜏]  > 𝛽 

 

and 

 

𝑅𝑒 [(2𝜏 + 1) 
𝑤 (𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑔(𝑤))
′

𝑤
 −  𝜏𝑤 (𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑔(𝑤))
′′
−  2𝜏]  > 𝛽,  

 

where the function 𝑔 is the extension of  𝑓−1 to Θ. 
 

3. THE RESEARCH FINDINGS AND DISCUSSION 

 

Theorem 3.1. Assume 𝑓 is in the class  𝓒Σm (𝜏 ; 𝛽). For 0 ≤  𝜏 ≤  1, 0 ≤ 𝛽 < 1, we find 

 

| 𝑎𝑚+1𝑎3𝑚+1 − 𝑎2𝑚+1
2 | 

 

≤

{
 
 
 

 
 
 
𝐸(𝛽, 2 −),                                                                                        𝑖𝑓 𝛷(𝛽, 𝑝) ≥ 0 and 𝜗(𝛽, 𝑝) ≥ 0   

4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2 ,                                     𝑖𝑓 𝛷(𝛽, 𝑝) ≤ 0 and 𝜗(𝛽, 𝑝) ≤ 0 

max {
4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2 , 𝐸(𝛽, 2 −)} ,    𝑖𝑓 𝛷(𝛽, 𝑝) > 0 and 𝜗(𝛽, 𝑝) < 0

max{𝐸(𝛽, 𝑝0), 𝐸(𝛽, 2 −)},                                                           𝑖𝑓 𝛷(𝛽, 𝑝) < 0 and 𝜗(𝛽, 𝑝) > 0,

 

 

 

where 

 

𝐸(𝛽, 2 −) =
4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2 + (1 − 𝛽)2 [8𝛷(𝛽, 𝑝) + 2𝜗(𝛽, 𝑝)], 

𝐸(𝛽, 𝑝0) =
4 (1 − 𝛽)2

(2𝑚 + 1)2 [2𝜏(1 − 𝑚) + 1]2 𝜃2𝑚+1,𝛿
2  −  

(1 − 𝛽)2 𝜗2(𝛽, 𝑝)

8 𝛷(𝛽, 𝑝)
 ,   

𝑝0 = √
− 𝜗(𝛽, 𝑝)

2 𝛷(𝛽, 𝑝)
 , 

𝛷(𝛽, 𝑝) =
(1 − 𝛽)2

2(𝑚 + 1)2[𝜏(2 − 𝑚) + 1]4𝜃𝑚+1,𝛿
4 −

(3𝑚 + 2)(1 − 𝛽)

2(𝑚 + 1)2(𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 − 𝑚) + 1]

−
1

(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1][𝜏(2 − 𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿

+
1

2(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  

  

 

and 

𝜗(𝛽, 𝑝) =
2(3𝑚 + 2)(1 − 𝛽)

(𝑚 + 1)2(2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 − 𝑚) + 1]

+
6

(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿

−
4

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  . 
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Proof. Let 𝑓 ∈ 𝓒Σm (𝜏 ; 𝛽). Then 

 

(2𝜏 + 1) 
𝑧(𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑓(𝑧))
′

𝑧
 −  𝜏  𝑧 (𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑓(𝑧))
′′
−  2𝜏 = 𝛽 + (1 − 𝛽) 𝑝(𝑧),                                                (5) 

(2𝜏 + 1) 
𝑤(𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑔(𝑤))
′

𝑤
 −  𝜏  𝑤 (𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑔(𝑤))
′′
−  2𝜏 = 𝛽 + (1 − 𝛽) 𝑞(𝑤),                                           (6) 

 

where  𝑔 = 𝑓−1 and 

 

𝑝(𝑧) = 1 + 𝑝𝑚𝑧
𝑚 + 𝑝2𝑚𝑧

2𝑚 + 𝑝3𝑚𝑧
3𝑚 +⋯ ,   

𝑞(𝑤) = 1 + 𝑞𝑚𝑤
𝑚 + 𝑞2𝑚𝑤

2𝑚 + 𝑞3𝑚𝑤
3𝑚 +⋯.  

 

If we equate the coefficients in (5) and (6), we find  

 
[𝜏(2 − 𝑚) + 1](𝑚 + 1) 𝜃𝑚+1,𝛿 𝑎𝑚+1 = (1 − 𝛽) 𝑝𝑚,                                                                                  (7) 

 
[2𝜏(1 − 𝑚) + 1](2𝑚 + 1) 𝜃2𝑚+1,𝛿 𝑎2𝑚+1 = (1 − 𝛽) 𝑝2𝑚,                                                                     (8) 

 
[𝜏(2 − 3𝑚) + 1](3𝑚 + 1) 𝜃3𝑚+1,𝛿 𝑎3𝑚+1 = (1 − 𝛽) 𝑝3𝑚,                                                                      (9) 

 

−[𝜏(2 − 𝑚) + 1](𝑚 + 1) 𝜃𝑚+1,𝛿  𝑎𝑚+1 = (1 − 𝛽) 𝑞𝑚,                                                                          (10) 

 

[2𝜏(1 − 𝑚) + 1] [(𝑚 + 1) 𝑎𝑚+1
2 −  𝑎2𝑚+1](2𝑚 + 1) 𝜃2𝑚+1,𝛿 = (1 − 𝛽) 𝑞2𝑚,                                    (11) 

 

−[ 𝜏 (2 − 3𝑚) + 1] [ 
1

2
 (𝑚 + 1) (3𝑚 + 2) 𝑎𝑚+1

3 − (3𝑚 + 2) 𝑎𝑚+1 𝑎2𝑚+1 + 𝑎3𝑚+1] 

(3𝑚 + 1)𝜃3𝑚+1,𝛿 = (1 − 𝛽) 𝑞3𝑚 .                                                                                                             (12) 

 

From (7) and (10), we get 

 

𝑝𝑚 = −𝑞𝑚,                                                                                                                                                         (13) 

𝑎𝑚+1 =
(1 − 𝛽)

(𝑚 + 1)[𝜏(2 −𝑚) + 1] 𝜃𝑚+1,𝛿
 𝑝𝑚.                    

 

Subtracting (8) from (11), we have 

 

𝑎2𝑚+1 =
(1 − 𝛽)2

2(𝑚 + 1)[𝜏(2 − 𝑚) + 1]2 𝜃𝑚+1,𝛿
2  𝑝𝑚

2 +
(1 − 𝛽)( 𝑝2𝑚 − 𝑞2𝑚 )

2(2𝑚 + 1) [2𝜏(1 − 𝑚) + 1] 𝜃2𝑚+1,𝛿
 . 

 

Also, subtracting (9) from (12), we obtain 

 

𝑎3𝑚+1 =
(3𝑚 + 2) (1 − 𝛽)2𝑝𝑚(𝑝2𝑚 − 𝑞2𝑚)

4 (𝑚 + 1) (2𝑚 + 1) [𝜏(2 − 𝑚) + 1] [2𝜏(1 − 𝑚) + 1] 𝜃𝑚+1,𝛿  𝜃2𝑚+1,𝛿
 

+
(1 − 𝛽)( 𝑝3𝑚 − 𝑞3𝑚 )

2(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1]𝜃3𝑚+1,𝛿
 .   

 

Then, we can establish that  

 

| 𝑎𝑚+1𝑎3𝑚+1 − 𝑎2𝑚+1
2 | = |−

(1 − 𝛽)4

4 (𝑚 + 1)2 [𝜏(2 − 𝑚) + 1]4𝜃𝑚+1,𝛿
4 𝑝𝑚

4  
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+
(3𝑚 + 2) (1 − 𝛽)3

4 (𝑚 + 1)2 (2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2 [2𝜏(1 − 𝑚) + 1] 𝜃𝑚+1,𝛿  
 𝑝𝑚
2 ( 𝑝2𝑚 − 𝑞2𝑚 ) 

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
 𝑝𝑚( 𝑝3𝑚 − 𝑞3𝑚 ) 

−
(1−𝛽)2

4(2𝑚+1)2 [2𝜏(1−𝑚)+1]2𝜃2𝑚+1,𝛿
2  ( 𝑝2𝑚 − 𝑞2𝑚 )

2
|.                                                                                    (14) 

 

According to Lemma (2.2) and in light of (13), we write 

 
2𝑝2𝑚=𝑝𝑚

2 +( 4−𝑝𝑚
2  )𝑥

2𝑞2𝑚=𝑞𝑚
2 +( 4−𝑞𝑚

2  )𝑦
}  ⟹ 𝑝2𝑚 − 𝑞2𝑚 =

4−𝑝𝑚
2

2
 (𝑥 − 𝑦),                                                                       (15) 

 

4𝑝3𝑚 = 𝑝𝑚
3 + 2( 4 − 𝑝𝑚

2  )𝑝𝑚𝑥 − 𝑝𝑚(4 − 𝑝𝑚
2 )𝑥2 + 2( 4 − 𝑝𝑚

2  )(1 − |𝑥|2)𝑧,           
4𝑞3𝑚 = 𝑞𝑚

3 + 2( 4 − 𝑞𝑚
2  )𝑞𝑚𝑦 − 𝑞𝑚(4 − 𝑞𝑚

2 )𝑦2 + 2( 4 − 𝑞𝑚
2  )(1 − |𝑦|2)𝑤,          

 

 𝑝3𝑚 − 𝑞3𝑚 = 
𝑝𝑚
3

2
 + 

𝑝𝑚 ( 4 − 𝑝𝑚
2  )

2
 (𝑥 + 𝑦) − 

𝑝𝑚 ( 4 − 𝑝𝑚
2  )

4
 (𝑥2 + 𝑦2) 

                        + 
4−𝑝𝑚

2

2
 [ (1 − |𝑥|2) 𝑧 − (1 − |𝑦|2) 𝑤] .                                                                               (16) 

 

Then, using (15) and (16) in (14), we get 

 

| 𝑎𝑚+1𝑎3𝑚+1 − 𝑎2𝑚+1
2 | = |−

(1 − 𝛽)4

4 (𝑚 + 1)2 [𝜏(2 − 𝑚) + 1]4𝜃𝑚+1,𝛿
4 𝑝𝑚

4  

+
(3𝑚 + 2) (1 − 𝛽)3

4 (𝑚 + 1)2 (2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2 [2𝜏(1 − 𝑚) + 1] 
  𝑝𝑚

2  
(4 − 𝑝𝑚

2 )

2
 (𝑥 − 𝑦) 

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
 
𝑝𝑚
4

2
 

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
𝑝𝑚
2
4 − 𝑝𝑚

2

2
(𝑥 + 𝑦) 

−
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
 𝑝𝑚
2
(4 − 𝑝𝑚

2 )

4
(𝑥2 + 𝑦2) 

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
 𝑝𝑚 

×
(4 − 𝑝𝑚

2 )

2
 [(1 − |𝑥|2)𝑧 − (1 − |𝑦|2)𝑤] − 

(1 − 𝛽)2

4(2𝑚 + 1)2 [2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  

×
(4−𝑝𝑚

2 )
2

4
 (𝑥 − 𝑦)2 |.                                                                                                                                             (17) 

 

|𝑎𝑚+1𝑎3𝑚+1 − 𝑎2𝑚+1
2 | ≤

(1 − 𝛽)4 

4 (𝑚 + 1)2 [𝜏(2 −𝑚) + 1]4 𝜃𝑚+1,𝛿
4  𝑝𝑚

4  

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1] [𝜏(2 − 3𝑚) + 1] 𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
 
𝑝𝑚
4

2
 

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1] [𝜏(2 − 3𝑚) + 1] 𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿
 𝑝𝑚 (4 − 𝑝𝑚

2 ) 

+(|𝑥| + |𝑦|) [
(3𝑚 + 2)(1 − 𝛽)3

4(𝑚 + 1)2(2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 −𝑚) + 1]
𝑝𝑚
2
(4 − 𝑝𝑚

2 )

2

+
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿
𝑝𝑚
2
(4 − 𝑝𝑚

2 )

2
] 
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+(|𝑥|2 + |𝑦|2) [
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿
𝑝𝑚
2
(4 − 𝑝𝑚

2 )

4

−
(1 − 𝛽)2

2(𝑚 + 1)(3𝑚 + 1)[𝜏(2 −𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿
𝑝𝑚

(4 − 𝑝𝑚
2 )

4
] 

 

+
(1 − 𝛽)2

4(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2

(4 − 𝑝𝑚
2 )2

4
(|𝑥| + |𝑦|)2 . 

 

Since 𝑝 ∈ 𝑃,  |𝑝𝑚| ≤ 2. Letting |𝑝𝑚| = 𝑝, we may assume without restriction that 𝑝 ∈ [0,2]. For 𝛾 = |𝑥| ≤
1  𝑎𝑛𝑑 𝛼 = |𝑦| ≤ 1, we get 

 

|𝑎𝑚+1𝑎3𝑚+1 − 𝑎2𝑚+1
2 | ≤ 𝐴1 + (𝛾 + 𝛼)𝐴2 + (𝛾

2 + 𝛼2)𝐴3 + (𝛾 + 𝛼)
2𝐴4 = 𝐻(𝛾, 𝛼), 

 

where 

 

𝐴1 = 𝐴1(𝛽, 𝑝) =
(1 − 𝛽)2

2(𝑚 + 1)[𝜏(2 − 𝑚) + 1]𝜃𝑚+1,𝛿
[(

(1 − 𝛽)2

2(𝑚 + 1)[𝜏(2 − 𝑚) + 1]3𝜃𝑚+1,𝛿
3

+
1

2(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1]𝜃3𝑚+1,𝛿
)𝑝4 −

1

(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1]𝜃3𝑚+1,𝛿
𝑝3

+
4

(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1]𝜃3𝑚+1,𝛿
𝑝] ≥ 0, 

 

𝐴2 = 𝐴2(𝛽, 𝑝) =
(1 − 𝛽)2

4(𝑚 + 1)[𝜏(2 − 𝑚) + 1]
 𝑝2(4 − 𝑝2)  

            [
(3𝑚 + 2)(1 − 𝛽)

2(𝑚 + 1)(2𝑚 + 1)[𝜏(2 − 𝑚) + 1][2𝜏(1 − 𝑚) + 1]

+ 
1

(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿
 ] ≥ 0,    

 

𝐴3 = 𝐴3(𝛽, 𝑝) =
(1 − 𝛽)2

8(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿
, 

 

                                𝑝(4 − 𝑝2)(𝑝 − 2) ≤ 0  

𝐴4 = 𝐴4(𝛽, 𝑝) =
(1 − 𝛽)2

4(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  

(4 − 𝑝2)2

4
≥ 0. 

 

Now, we aim to maximize 𝐻(𝛾, 𝛼) on the square [0,1] × [0,1]. Hence, we need the maximum of 𝐻(𝛾, 𝛼) 
for the cases 𝑝 ∈ (0,2), 𝑝 = 0 𝑎𝑛𝑑 𝑝 = 2. If 𝑝 ∈ (0,2), we find 𝐴3 < 0 and 𝐴3 + 2𝐴4 > 0. Thus, we 

conclude that 

 

𝐻𝛾𝛾 . 𝐻𝛼𝛼 − (𝐻𝛾𝛼)
2
< 0 

 

which means that 𝐻 cannot have a local maximum in the interior of the square. Hence, we examine the 

boundary of the square. 

 

For 𝛾 = 0 𝑎𝑛𝑑 0 ≤ 𝛼 ≤ 1 (similarly 𝛼 = 0 𝑎𝑛𝑑 0 ≤ 𝛾 ≤ 1), we have 

 

𝐻(0, 𝛼) = 𝑁(𝛼) = (𝐴3 + 𝐴4)𝛼
2 + 𝐴2𝛼 + 𝐴1. 
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1- The case 𝐴3 + 𝐴4 ≥ 0: For 0 < 𝛼 < 1 and any fixed 𝑝 (0 < 𝑝 < 2), we find that 𝑁′(𝛼) =
2(𝐴3 + 𝐴4)𝛼 + 𝐴2 > 0, that is, 𝑁(𝛼) is increasing. Thus, the maximum of 𝑁(𝛼) occurs at 𝛼 = 1 and 

 

𝑚𝑎𝑥𝑁(𝛼) = 𝑁(1) =  𝐴1 + 𝐴2 + 𝐴3 + 𝐴4. 
 

2- The case 𝐴3 + 𝐴4 < 0: Since 𝐴2 + 2(𝐴3 + 𝐴4) ≥ 0, we find that 𝐴2 + 2(𝐴3 + 𝐴4) < 2(𝐴3 + 𝐴4)𝛼 +
𝐴2 < 𝐴2 and so 𝑁′(𝛼) > 0. Thus, the maximum of 𝑁(𝛼) occurs at 𝛼 = 1. 

If 𝑝 = 2, we get 

𝐻(𝛾, 𝛼) =
(1 − 𝛽)2

(𝑚 + 1)[𝜏(2 − 𝑚) + 1]𝜃𝑚+1,𝛿
 

× [
4(1−𝛽)2

(𝑚+1)[𝜏(2−𝑚)+1]3𝜃𝑚+1,𝛿
3 +

4

(3𝑚+1)[𝜏(2−3𝑚)+1]𝜃3𝑚+1,𝛿
].                                                                                (18) 

 

From (18) and the above cases, we arrive 

 

𝑚𝑎𝑥𝑁(𝛼) = 𝑁(1) =  𝐴1 + 𝐴2 + 𝐴3 + 𝐴4     (0 ≤ 𝛼 ≤ 1,   0 ≤ 𝑝 ≤ 2). 
 

For 𝛾 = 1 𝑎𝑛𝑑 0 ≤ 𝛼 ≤ 1 (similarly 𝛼 = 1 𝑎𝑛𝑑 0 ≤ 𝛾 ≤ 1), we obtain  

 

𝐻(1, 𝛼) = 𝐿(𝛼) = (𝐴3 + 𝐴4)𝛼
2 + (𝐴2 + 2𝐴4)𝛼 + 𝐴1 + 𝐴2 + 𝐴3 + 𝐴4. 

 

Similar to the above cases of  𝐴3 + 𝐴4 , we have 

 

𝑚𝑎𝑥 𝐿(𝛼) = 𝐿(1) = 𝐴1 + 2𝐴2 + 2𝐴3 + 4𝐴4. 

 

Since 𝑁(1) ≤ 𝐿(1)𝑓𝑜𝑟 𝑝 ∈ [0,2], 𝑚𝑎𝑥 𝐻(𝛾, 𝛼) = 𝐻(1,1). Therefore, the maximum of 𝐻 occurs at 𝛾 =
1 𝑎𝑛𝑑 𝛼 = 1 in the closed square. 

 

Let 𝐸: [0,2] → 𝑅 

 

𝐸(𝛽, 𝑝) = 𝑚𝑎𝑥𝐻(𝛾, 𝛼) = 𝐻(1,1) =𝐴1 + 2𝐴2 + 2𝐴3 + 4𝐴4.                                                                (19) 

 

Substituting the values of 𝐴1, 𝐴2, 𝐴3 and 𝐴4 from (19) yields 

 

𝐸(𝛽, 𝑝) =
(1 − 𝛽)2

2
[(

(1 − 𝛽)2

2(𝑚 + 1)2[𝜏(2 − 𝑚) + 1]4𝜃𝑚+1,𝛿
4

−
(3𝑚 + 2)(1 − 𝛽)

2(𝑚 + 1)2(2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 − 𝑚) + 1]

−
1

(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1][𝜏(2 − 𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿

+
1

2(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  

) 𝑝4

+ (
2(3𝑚 + 2)(1 − 𝛽)

(𝑚 + 1)2(2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 −𝑚) + 1]

+
6

(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿

−
4

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2 )𝑝2 +

8

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2 ]. 
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𝐸(𝛽, 𝑝) =
(1 − 𝛽)2

2
 [𝛷(𝛽, 𝑝)𝑝4 + 𝜗(𝛽, 𝑝)𝑝2] +

4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  , 

 

where 

 

𝛷(𝛽, 𝑝) =
(1 − 𝛽)2

2(𝑚 + 1)2[𝜏(2 − 𝑚) + 1]4𝜃𝑚+1,𝛿
4 −

(3𝑚 + 2)(1 − 𝛽)

2(𝑚 + 1)2(𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 − 𝑚) + 1]

−
1

(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 3𝑚) + 1][𝜏(2 − 𝑚) + 1]𝜃𝑚+1,𝛿 𝜃3𝑚+1,𝛿

+
1

2(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  

 , 

 

𝜗(𝛽, 𝑝) =
2(3𝑚 + 2)(1 − 𝛽)

(𝑚 + 1)2(2𝑚 + 1)[𝜏(2 − 𝑚) + 1]2[2𝜏(1 − 𝑚) + 1]

+
6

(𝑚 + 1)(3𝑚 + 1)[𝜏(2 − 𝑚) + 1][𝜏(2 − 3𝑚) + 1]𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿

−
4

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2  . 

 

Assume that 𝐸(𝛽, 𝑝) has a maximum value in an interior of 𝑝 ∈ [0,2], then 

 
𝐸′(𝛽, 𝑝) = (1 − 𝛽)2[2 𝛷(𝛽, 𝑝)𝑝3 + 𝜗(𝛽, 𝑝)𝑝]. 
 

Now, we msut investigate the function 𝐸′(𝛽, 𝑝) due to the different cases of  𝛷(𝛽, 𝑝) and 𝜗(𝛽, 𝑝). 
 

(i) Let 𝛷(𝛽, 𝑝) ≥ 0 and 𝜗(𝛽, 𝑝) ≥ 0, then 𝐸′(𝛽, 𝑝) ≥ 0, so 𝐸(𝛽, 𝑝) is an increasing function. Therefore, 

 

𝑚𝑎𝑥{𝐸(𝛽, 𝑝): 𝑝 ∈ (0,2)} = 𝐸(𝛽, 2 −) =
4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 −𝑚) + 1]2𝜃2𝑚+1,𝛿
2  

                      +(1 − 𝛽)2 [8𝛷(𝛽, 𝑝) + 2𝜗(𝛽, 𝑝)],         

that is, 

 

𝑚𝑎𝑥{𝑚𝑎𝑥{𝐻(𝛾, 𝛼): 𝛾, 𝛼 ∈ [0,1]} ∶ 𝑝 ∈ (0,2)} = 𝐸(𝛽, 2 −). 
 

(ii) Let 𝛷(𝛽, 𝑝) ≤ 0 and 𝜗(𝛽, 𝑝) ≤ 0, then 𝐸′(𝛽, 𝑝) ≤ 0. Thus, 𝐸(𝛽, 𝑝) is a decreasing. Therefore, 

 

𝑚𝑎𝑥{𝐸(𝛽, 𝑝): 𝑝 ∈ (0,2)} = 𝐸(𝛽, 0 +) =
4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 −𝑚) + 1]2𝜃2𝑚+1,𝛿
2 .      

 

(iii) Let 𝛷(𝛽, 𝑝) > 0 and 𝜗(𝛽, 𝑝) < 0, and then 𝑝0 = √
− 𝜗(𝛽,𝑝)

2 𝛷(𝛽,𝑝)
 is a critical point. Let 𝑝0 ∈ (0,2). Since 

𝐸′′(𝛽, 𝑝0) > 0, 𝑝0  is local minimum point of 𝐸(𝛽, 𝑝). Therefore, 𝐸(𝛽, 𝑝) cannot have a local 

maximum. 

 

(iv) If 𝛷(𝛽, 𝑝) < 0 and 𝜗(𝛽, 𝑝) > 0, then 𝑝0 is critical point of 𝐸(𝛽, 𝑝). Since 𝐸′′(𝛽, 𝑝0) < 0, 𝑝0 is local 

maximum point for 𝑝0 ∈ (0,2) and so the maximum value occurs at 𝑝 = 𝑝0 . Hence, 

 

𝑚𝑎𝑥{𝐸(𝛽, 𝑝): 𝑝 ∈ (0,2)} = 𝐸(𝛽, 𝑝0),                                          
 

where 
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𝐸(𝛽, 𝑝0) =
4(1 − 𝛽)2

(2𝑚 + 1)2[2𝜏(1 − 𝑚) + 1]2𝜃2𝑚+1,𝛿
2 − 

(1 − 𝛽)2 𝜗2(𝛽, 𝑝)

8 𝛷(𝛽, 𝑝)
 . 

 

Remark 3.1. For  𝜏 = 0,  a function  𝑓 ∈  ∑  belongs to the class 𝓒Σm (𝜏; 𝛽) if it fullfils 

 

𝑅𝑒 [
𝑧(𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑓(𝑧))
′

𝑧
]  > 𝛽,  

𝑅𝑒 [
𝑤(𝒥𝑠,𝑎,𝜇

𝛿,𝜆  𝑔(𝑤))
′

𝑤
]  > 𝛽.  

If we let 𝜏 = 0, we arrive at Corollary 3.1. 

 

Corollary 3.1.  Let 𝑓 given by (1) belong to the class 𝓒Σm (0 ; 𝛽) = 𝕯Σm (𝛽). Then 

 

| 𝑎𝑚+1𝑎3𝑚+1 − 𝑎2𝑚+1
2 | ≤

{
  
 

 
 
 
 𝐸(𝛽, 2 −),                                                   𝑖𝑓 𝛷(𝛽, 𝑝) ≥ 0 and 𝜗(𝛽, 𝑝) ≥ 0

4(1 − 𝛽)2

(2𝑚 + 1)2𝜃2𝑚+1,𝛿
2 ,                                   𝑖𝑓 𝛷(𝛽, 𝑝) ≤ 0 and 𝜗(𝛽, 𝑝) ≤ 0

𝑚𝑎𝑥 {
4(1 − 𝛽)2

(2𝑚 + 1)2𝜃2𝑚+1,𝛿
2 , 𝐸(𝛽, 2 −)} , 𝑖𝑓 𝛷(𝛽, 𝑝) > 0 and 𝜗(𝛽, 𝑝) < 0

max{𝐸(𝛽, 𝑝0), 𝐸(𝛽, 2 −)},                       𝑖𝑓 𝛷(𝛽, 𝑝) < 0 and 𝜗(𝛽, 𝑝) > 0

, 

 

where 

 

𝐸(𝛽, 2 −) =
4(1 − 𝛽)2

(2𝑚 + 1)2 𝜃2𝑚+1,𝛿
2 + (1 − 𝛽)2 [8𝛷(𝛽, 𝑝) + 2𝜗(𝛽, 𝑝)], 

𝐸(𝛽, 𝑝0) =
4 (1 − 𝛽)2

(2𝑚 + 1)2 𝜃2𝑚+1,𝛿
2  −  

(1 − 𝛽)2 𝜗2(𝛽, 𝑝)

8 𝛷(𝛽, 𝑝)
 , 𝑝0 = √

− 𝜗(𝛽, 𝑝)

2 𝛷(𝛽, 𝑝)
 , 

𝛷(𝛽, 𝑝) =
(1 − 𝛽)2

2(𝑚 + 1)2 𝜃𝑚+1,𝛿
4 −

(3𝑚 + 2)(1 − 𝛽)

2(𝑚 + 1)2(𝑚 + 1)
−

1

(𝑚 + 1)(3𝑚 + 1) 𝜃𝑚+1,𝛿  𝜃3𝑚+1,𝛿

+
1

2(2𝑚 + 1)2 𝜃2𝑚+1,𝛿
2 
 , 

 

𝜗(𝛽, 𝑝) =
2(3𝑚 + 2)(1 − 𝛽)

(𝑚 + 1)2(2𝑚 + 1)
+

6

(𝑚 + 1)(3𝑚 + 1)𝜃𝑚+1,𝛿𝜃3𝑚+1,𝛿
−

4

(2𝑚 + 1)2𝜃2𝑚+1,𝛿
2  . 

 

4. CONCLUSION 

 

In the study carried out, a new operator was described via convolution. By using this operator, a new class 

was presented and studied. 

 

For the future studies, it is planned to describe new subclasses of m-fold symmetric bi-univalent functions. 

It is also planned to present upper bounds for initial Taylor coefficients, Fekete-Szegö and Hankel 

determinant inequalities for functions in the defined classes. 
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