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Highlights
« This paper focuses on definition of a new subclass of bi-univalent functions.
« The convolution is proposed for construction of the operator Jsauf(z)
* The second Hankel determinant were obtained.

Article Info Abstract

In this article, we aim to describe a new operator (_‘]s,w via convolution. Moreover, we aim to
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1. INTRODUCTION
Assume A is the class of normalized analytic functions in ® with Taylor series
f@)=z+3XiL, a 2" 1)

Assume S is the class of univalent functions from A in ©. Further, every function f € S has an inverse
f fulfilling f~1(f(2)) =z (z € ®) and fF(f*wW)) =w (w € 0,), where p Zi denotes the radius
of the image f(©) and ® , = {z € C : |z| < p} [1]. Itis recalled that

g(W) =f_1(W) =W+C2W2+C3W3 +C4_W4+---, (2)
where

Cz - _az

C3 = (2a5 —a3)

C4_ = _(Sa% - 5a2a3 + a4).

A function f € A is named bi-univalent in © if both f and £~ are univalent in ©. Next, assume Y. is the
class of bi-univalent functions f € A in ©. For a detailed literature and fundamental examples of Y, see
the leading paper by Srivastava et al. [2] (see also [3-10]).
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Assume f € A and gisgivenby g(z) = z + X5, by z*. The convolution (Hadamard product) of f and
g is represented by (f * g)(z) and expressed by

(f *g )(Z) =z +Z}O(o:2 akbk zk.

Aldweby and Darus [11] established the Ruscheweyh type g-analogue operator Rg by
[k + 6 - 1],
R5 f(z2)=z+ Z ay z*,

where § = 0. Also,asq - 1~ , we have

k+6—1],

hm REf(z2)=z+ hm [Z——l]q ay z*

(k+5 1)! k

—Z+Zk=2m ay Z

= RS f(2).

Komatu [12] introduced a family of integral operator ],’} : X > Yhy

A — N K A k *
]”f(z)_z+kz=1<u+k—1) ay z%, (z € U= 06\{0},k > 1,1 >0).

By using the Hurwitz - Lerch Zeta function

d k
(Z)(z,s,a)=z(k_zi_—a)s (a€R/z5,s €ER when 0< |z| <1)
k=0

and G 4 is given by
Gsai = 1+ a)° [0(z,5,a) —a™"],

the linear operator Is’l,a,u f(z): ¥ — Xisexpressed by [13]

Baw f@) = Gsain * J2 F@) _Z+Z<t+a) () @

The convolution of the operators Rg f(z)and Is’l,a# f(z) defined as

A

B (k+86—-DN\/1+a\° M
Toianf @) = RYf (@) * oy f(2) = Z+z<(6)!(k—1)!>(t+a) <u+k—1> ayz"

5,1
Js,a,u f(Z) =zZ+ z 9k,6 ay z* ’
k=2

A
where 6 s = {(((g)-:-(i__?)!z) (:-:-_Z)S (M+I’i—1) }
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1
Now, for a function f €S, the function h(z)=(f(z™)" (z € 0O mEeN)
is univalent. Further, that function maps 0 into an m-fold symmetry region. Thus, a function is named m-
fold symmetric ([14,15]) if it has the normalized form

f(@2)=z + X% AGmpesr 2™, (z € , m € N). 3)
Assume S, is the class of m-fold symmetric univalent functions given by (3). We inform that the functions

in § are one-fold symmetric. Similar to the definition of m-fold symmetric univalent functions, m-fold
symmetric bi-univalent functions are presented. The series expansion of £~ is expressed by [16]

1
IgW) =w —app W™+ [(m+ 1) ai g — agmyeq )] W2 — [E(m +1) Bm + 2)aj,q
—(Bm+2) amiq Agmer + Azmer ] W34 (4)

where f~1 = g. Assume Y,,, is the class of m-fold symmetric bi-univalent functions in ©. If we setm = 1,
the formula (4) reduces to the formula (2) of the class ).

Next, Noonan and Thomas [17] introduced the g*"* Hankel determinant of f by

. an an+1 ces an+q_1 .

An+1 Gn+2 " Apg
Hq (n): E . . . 1

, (a; =1, n >0, g=1).

(nig-1 m+q 7 Qnizgq-2
Note that

a; a, a, das
Ho (D= gl=as-ad H,@=|] jl|=wa-d

and H,(1) is known as Fekete-Szego functional (see [18]). After that, this approach has been studied by
several researchers ([19-23]).

2. MATERIAL METHOD

To present our outcomes, we must recall some lemmas.

Lemma 2.1. [15] Assume P is class of functions p analytic in © for which Re(p(z)) > 0. If p(z) =1 +
p17Z + pyz% + -+, then | p;| < 2 foreachi € N.

Lemma 2.2. [24] If p € P, then

2p, =pf +(4—p?)x
4ps =pi +2(4—pi)pix — (4 —pPpix? + 2(4 —p2 )1 — |x|*)z

for some x, z with [x] < 1and |z| < 1.

Now, we shall introduce the class Cs,, (z; 8) as follows.

Definition 3.1. A function f € Y isinCy, (T; 8) (ZweE B, 0<7<1, 0<pf <1, meN)ifitfulfills
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Z J(sl'}t f(Z) , "
Re|(21+ 1) ( Sa; ) — Tz(ﬂg’i#f(z)) -2t >
and

w 8,1 w ' "
Re|(21+ 1) M — W (Jsa,'c?,u g(w)) - 27| >0,

where the function g is the extension of f~1 to @.

3. THE RESEARCH FINDINGS AND DISCUSSION

Theorem 3.1. Assume f is inthe class Cs, (t;8).For0 < 7t < 1,0 < B < 1, we find

| An+1A3m+1 — a%m+1|

EB,2-), if ®(8,p) =0and9(B,p) =0

_ P2
41-p) — if ®(B,p) <0and9(B,p) <0
(2m + 1)2[2t(1 —m) + 1]26Z,,, 1 5

4(1 — B)?
e {(Zm + D221 = m) + 11205115

E(B,2 —)}, if ®(B,p) >0andI(B,p) <0

\max{E(B,p0), E(B,2 —)}, if ®(B,p) <0andd(B,p) >0,
where
_ 4(1-p)*
EB,2-)= @mt DP2e(l—m) + 126%,,; + (1= p)*[82(B,p) + 29(B,p)],
E(Bp,) = 4 (1-p)? _@-=-p*9%*B.p)
POl a2 2t —m) + 107 02,1115 8 (B, p)
_|=9B,p)
Po= 120, p)’
S(B,p) = (1-p)? 3 Bm+2)1-p5)
P)= 2(m+ D2 [t2-m)+1]*05 1 5 2(m+ 1DZ(m+ D[r(2 —m) + 1]2[2t(1 —m) + 1]
1
C M+ DBm+ DT —3m) + 1U[t(2 = m) + Ubmi15 Osmrs
1
* 2(2m + 1)2[2t(1 = m) + 11263, 5
and
23m+2)(1 -
9B, p) = BGm+2)(1-p)

(m+1)22m+ D[t(2 —m) + 1]2[27(1 — m) + 1]
6

T+ DEm+ DIT@ —m) + 122 — 3m) + Lbms1505mres
4

S @em+D22t(1—m) + 11262,,1 4
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Proof. Let f € Cxy, (7;8). Then

(2T +1) M ~ 1 2(084 f@) — 2t =B+ (A~ B)p(), )

o 1y M) (982, 9w)) = 2=+~ B) qw), ©)
where g = f~1and

P(2) =1+ ppz™ + Pymz®™ + pamz®™ + -,
qW) =1+ qnw™ + @omw*™ + qamw " + -

If we equate the coefficients in (5) and (6), we find

[t(2-m) +1](m + 1) 01,6 Amer = (1= B) P, ()
[27(1 —m) + 1](2m + 1) O2m+1,6 Gzm+1 = (1 = B) Pam (8)
[7(2 —3m) + 113m + 1) O3m+1,6 azm+1 = (1 = B) Dam 9)
—[t2-m)+1]J(m + 1) Omys1,5 Amer = (1 = B) qm, (10)
[21(1 -m) + 1] [(m + 1) a1 — Qam+1]Cm+ 1) Oamirs = 1 = B) Gzm (11)

1
—[t(2-3m)+1] 7 (m+1) Bm+2) agy — Bm+2) Gmyq Gomr + a3m+1]
Bm+ 1)0zm1,6 = (1= B) qam - (12)

From (7) and (10), we get

Pm = —Adm, (13)
W= 1-p)
M I D@ —m) + 1 Opprs T

Subtracting (8) from (11), we have

a _ (1-pB)? 2 4 (1 = B)(P2m — 92m )
2L o A DIT@ —m) + 112 0215 ™ 22m+ D) [20(1 —m) + 1] Ogmers

Also, subtracting (9) from (12), we obtain

a _ Bm+2)(1- ﬁ)zpm(pZm — q2m)
T am+ 1) Cm+1) 12 —m) + 1] [20(1 —m) + 1] Opmyrs O2mers
(1 = B)(P3m = 43m)
23m+ D[r(2 =3m) + 11031415

Then, we can establish that

_ (1-p)* 4
4(m+1)2[(2-m) +1]*64, pm

| Am+1a3m+1 — a%m+1| =



354 Waggas Galib ATSHAN, Reaam Abd AL-SAJJAD, Sahsene ALTINKAYA / GU J Sci, 36(1): 349-360 (2023)

N Bm+2)(1-p)3
4(m+1)2Cm+D[t2-m)+1]2[2t(1 —m) + 1] Oppy1s
N (1-p)?
2(m+1)@Bm+ D[r(2 —m) + 1][v(2 = 3m) + 1]0m11,5 O3ms1,s
_ (1-B)* _
42m+1)2 [2t(1-m)+11205m 11 5 (pZm qu)

Ph(Pam — d2m)

pm( P3m — 43m )

(14)

According to Lemma (2.2) and in light of (13), we write

2p2m=p%1+(4—p$n)x} _ _ 4Pk
rommqi (42 yyS = Pam ~ @am = (x =), (15)

4p3m = Py + 2(4 — P2 )PmX — P (4 — PAIX* + 2(4 — ph )1 — |x]?)z,
4q3m = G + 204 — 43 ) @mY — Gm (4 — am)y* + 2(4 — g7 ) (A = y[Pw,

3 2 2
Pm  Pm(4—pm) Pm (4 —Dm )
Psm—m=— + ————— (x+y) - = (P +y?)
a2
+ 22 (- x)z = (A= IyIP)wl]. (16)

Then, using (15) and (16) in (14), we get

| s @omss — Bonaa] = |- (1-p)* .
m+1%3m+1 2m+1 4 (m + 1)2 [‘L’(Z _ m) + 1]49;4n+1,6 Pm
(Bm+2)(1-p)° , (4—pH)
Tt omr D —m + 1P 2cd-m+1] '™ 2
N (1-B)? Ph
2m+1)Bm+ D[r(2 —m) + 1][t(2 —3m) + 1]0p 416 O3m+1s 2
(1-p)? 4—pm
+ P (x+y)
2m+1)(Bm+ D[r(2 —m) + 1][t(2 — 3m) + 1]60p 416 O3m+1.6 2
_ (1-p)? , (4—ph)
2m+ DEm+ D@2 —m) + 112 — 3m) + UOmr1o Osmers I 4
4 (1-p)?
2m+1)CBm+ D[r(2 —m) + 1][1(2 — 3m) + 1]01111.5 O3m+1,s

4 -p3) a-pr
X [(1 = 1x®)z - (1~ [y[Hw] - 42m+ 1)? [20(1 —m) + 11265, 5

(x—y)

x*+y%)

Pm

X % (x—v)?|. (17)

(1-p)*
|am+1a3m+1 - a%m+1| < 4(m+ D2 [2(2 —m) + 1]* 9:;1+1,6 P
. (1-p)? P
2m+1DBm+1)[r(2 —m) + 1] [t(2 —3m) + 1] Opi1.6 Oz3mirs 2
+ a-p Pm (4 —pi)
20m T DGEm + DIt@ —m) + 11 [1@ = 3m) + 1 Opyap Oamrng P 7P
Bm+2)(1-p)? , (4—ph)
4m+ D2C2m+ D@2 —m + 122t -m + '™ 2
N (1-p)? , (4—ph)
2(m+ DEm+ D@2 —m) + 1[t2 — 3m) + Uomr1s0smers’ ™ 2

+(lx + 1yD
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(1-p)? , (4—ph)
2(m+ D@m+ D@2 —m) + L[t — 3m) + Uomr10smers ™" 4
] (1-p)? (4-p2)
2m+ DEm+ D@2 —m) + 112 — 3m) + Uomr1s0smers ™ 4

+(Ix1? + y1*)

(1-p)? (4 —pn)?

+ + lyD?.
42m+ 1)?[2t(1 —m) + 1]262,,,, 4 (=l +1yD

Sincep € P, |p| < 2. Letting |p,,| = p, we may assume without restriction that p € [0,2]. Fory = |x| <
1 and a = |y| < 1, we get

|am+1a3m+1 - a%m+1| <A+ +aA + P+ aPAz+ ¥+ a)?A, =H(y, ),

where
~ ~ (1 - B)? (1 - B)?
A =4(B.p) = 2(m+ D[t2 —m) + 10115 [<Z(m + DT -m) + 11363, 5
. 1 >p4 ~ 1 3
2Bm+ D[1(2 — 3m) + 1103415 Bm+ D[t(2 - 3m) + 103416
4
T Bm I DRE —3m) + Uoameis’ | =¥
_ _ (1-p)*
A, =4, (Bp) = 4m+ D[t —m) + 1] p*(4 - p?)
GBm+2)(1 - )
2m+ 1)2m+ D[t(2—m) + 1][27(1 — m) + 1]
1
t Bm T D@ = 3m) + Uonmrrobomers | =
Ay = As(B,p) = .
3TV T 8m+ DB+ D@ —m) + 1[1(2 — 3m) + 110ms1 503mers
p(4—p2)(p—21)302 iz
Ay =A,(B,p) = d=p) 4 -p7) > 0.

42m+ 1)?2t(1 —m) + 11263,,,1 5 4 -
Now, we aim to maximize H(y, «) on the square [0,1] x [0,1]. Hence, we need the maximum of H(y, a)

for the casesp € (0,2),p =0andp = 2. If p € (0,2), we find A; < 0and 45 + 24, > 0. Thus, we
conclude that

Hyy Heq — (Hyq)® <0

which means that H cannot have a local maximum in the interior of the square. Hence, we examine the
boundary of the square.

Fory=0and 0 < a <1 (similarlya = 0 and 0 <y < 1), we have

H(O, a) = N(a) = (A3 + A4)a2 +A2a +A1
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1- The case A3+ A4,>0: For 0 <a <1 and any fixed p (0 <p <2), we find that N'(a) =
2(A3 + Ay)a + A, > 0, that is, N(«) is increasing. Thus, the maximum of N(a) occurs at @ = 1 and

max N(a) = N(1) = Ay + A, + A3 + A,.

2- The case A; + A, < 0: Since A, + 2(A3 + A,) = 0, we find that A, + 2(A45; + A) < 2(43 + Ay a +
A, < A, and so N'(a) > 0. Thus, the maximum of N(a) occurs at @ = 1.

If p = 2, we get
(1-p)?
H(y,a) =
(m+ D[r(2—m) + 10415
4(1-B)? 4 (18)
(m+D)[t2-m)+1365 ., s Bm+1D)[t(2—-3m)+1]03m41,5]°

From (18) and the above cases, we arrive

maxN(a) =N(1)= A;+A,+A4A3+4, (0<a<1l 0<p<2).
Fory=1and 0 < a <1 (similarlya = 1 and 0 < y < 1), we obtain

H(1,a) =L(a) = (A3 + Aa? + (A, + 2A)a + Ay + A, + A; + Ay.
Similar to the above cases of A; + A, , we have

max L(a) = L(1) = Ay + 24, + 245 + 4A,.

Since N(1) < L(1)for p € [0,2], max H(y,a) = H(1,1). Therefore, the maximum of H occurs at y =
1 and a = 1 in the closed square.

LetE:[0,2] » R
E(B,p) =maxH(y,a) = H(1,1) = A, + 24, + 245 + 44,. (19)
Substituting the values of A,, A,, A; and A, from (19) yields

(1-p)? [( (1-p)?
2 2(m+ 1)?[t(2 —m) + 1]%6,7 1

Bm+2)(1 - pB)
C2(m+1)22m+ D2 -m) J;1]2[21(1 —m) + 1]

E(B,p) =

S m+1D)@m+ D[r2 —3m) + 1U[t2 —m) + 10pmi1s5 Osmirs

1
+ 2(2m + 1)2[2t(1 = m) + 11263, 5 >p4
2(3m +2)(1 - B)
* <(m T D2@m+ Dt —m) + 12[2e(L —m) + 1]
6
T+ DGm+ DIe@ —m) + 112 — 3m) + W0pr1005mrrs

4 8
2
p° + .
2m+ 1)?[2t(1 —m) + 1]2922m+1’5> 2m+ 1)?[2t(1 —m) + 1]2922m+1,5
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£ ==L " oG8, 0" + 006, pp?] + T 1)2[23((11 i ))2 e
where
o(8.p) = -8 _ Bm+2)(1 - B)
2m+12[r(2—m) +1]*6%,, s 2(m+ D?(m+ D[r(2 —m) + 1]2[27(1 —m) + 1]
~ (m+1D@Bm+ 1)[r(2 - 3m) +11][r(2 —m) + 0416 O3mers
* 22m + 1)2[27(1 im) + 112602115
9(B.p) = 23m+2)(1-pB)

(m+1)22m+ 1)[t(2 —m) + 1]%[27(1 — m) + 1]
6

T+ DEm+ D@ —m) + 102 — 3m) + Lbms1505mris
4

S @em+D22t(1—m) + 11262,,1 4
Assume that E (8, p) has a maximum value in an interior of p € [0,2], then
E'(B,p) = (1 - B)*[22(B,pIp® +9(B,p)pl.
Now, we msut investigate the function E’(B, p) due to the different cases of ®(B,p) and 9(B, p).

(i) Let®(B,p) =0andI(B,p) =0,then E'(B,p) = 0, so E(B,p) is an increasing function. Therefore,

4(1 - B)?
(2m+ 1D2[2t(1 = m) + 11267, 5

+(1 = B)? [89(B,p) + 29(B,p)],

max{E(B,p):p € (0,2)} =E(B,2-) =

that is,
max{max{H(y,a):y,a €[0,1]}:p € (0,2)} = E(B,2 -).
(i) Let@d(B,p) <0andI(B,p) <0, then E'(B,p) < 0. Thus, E(B, p) is a decreasing. Therefore,

4(1-p)?
(2m+ D2[2t(1 —=m) + 11263, 5

max{E(B,p):p € (0,2)} =E(B,0+) =

(iii) Let @(B,p) > 0 andI(B,p) < 0, and then p, = ;Zg’g is a critical point. Let p, € (0,2). Since
E"(B,py) > 0, py is local minimum point of E(B,p). Therefore, E(B,p) cannot have a local
maximum.

(iv) If (B, p) < 0and 9(B,p) > 0, then p, is critical point of E(B,p). Since E" (B, py) < 0, py is local
maximum point for p, € (0,2) and so the maximum value occurs at p = p, . Hence,

max{E(B,p):p € (0,2)} = E(B,po),

where
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4(1 - B)? _A-=p9*B.p)
(2m+ D2[2t(1 —m) + 1]262,,,, 8o(B,p)

E(:B! pO) =

Remark 3.1. For 7 = 0, afunction f € Y. belongs to the class Cs,, (z; B) if it fullfils

If we let T = 0, we arrive at Corollary 3.1.
Corollary 3.1. Let f given by (1) belong to the class Cxp, (0;8) = Dz, (B). Then

E(B,2-), if ®(B,p) =0andI(B,p) =0

4(1-B)* _
(Zm + 1)2022m+16’ lf d)(ﬁ, p) <O0and ﬂ(ﬂ: P) <0

2
Am+1a3m+1 — a2m+1| <9 2
4(1 -
ax{ ( ‘8)

)

amt 1)2922m+1,5’E(ﬁ’2 —)},if @(B,p) >0andI(B,p) <0

\max{E (B, po), E(B,2 -)}, if ®(B,p) <0andJ(B,p) >0

where

4(1-p)?
(2m+1)2 922m+1,5

B(gpey = HAZB? A= B @) R
PO am A 12 02,1, 8oB,p) 1 206’

(1-p)? (Bm+2)(A-p) 1

+ (1= p)* [8®(8,p) + 29(B.p)],

®(B,p) = - -
B.p) 2m+ 126 ,,5 2m+1)2m+1) (m+1DBm+1)Opi1sO3mers
1
+ >
22m+1)2 Ormi1s
2(3m +2)(1 - B) 6 4
9(B,p) =

m+1)2@m+1)  (m+DBM+ DOpr1s0smirs  (@m+1)2602,,15

4. CONCLUSION

In the study carried out, a new operator was described via convolution. By using this operator, a new class
was presented and studied.

For the future studies, it is planned to describe new subclasses of m-fold symmetric bi-univalent functions.
It is also planned to present upper bounds for initial Taylor coefficients, Fekete-Szegé and Hankel
determinant inequalities for functions in the defined classes.
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